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Abstract 

In this paper we investigate gravitational interactions of massive higher spin fields in 
three dimensional AdS space with arbitrary value of cosmological constant including 
flat Minkowski space. We use frame-like gauge description for such massive fields 
adopted to three-dimensional case. At first, we carefully analyze the procedure of 
switching on gravitational interactions in the linear approximation on the example of 
massive spin-3 field and then proceed with the generalization to the case of arbitrary 
integer spin field. As a result we construct a cubic interaction vertex linear in spin-2 
field and quadratic in higher spin field on AdS^ background. As in the massless case 
the vertex does not contain any higher derivative corrections to the Lagrangian and/or 
gauge transformations. Thus, even after switching on gravitational interactions, one 
can freely consider any massless or partially massless limits as well as the flat one. 
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Introduction 



Three dimensional higher spin field theories that appear to be much simpler than the higher 
dimensional ones (for some reviews on higher spin theories see e.g. [IJ[2j[3llll|5]) ma y P rov ide 
nice playground to gain some useful experience. One of the main reasons is that, contrary to 
the situation in d > 4 dimensions [6j [7J [8] , in three dimensions it is not necessary to consider 
infinite number of fields to construct consistent closed theory [HI QUI ED] • Also it is important 
that in the frame-like formalism many such theories can be considered as Chern-Simons ones 
corresponding to some non-compact algebras [I~2| [T0| [TTj , 

Till now most of works on the three dimensional higher spin filed theories were devoted to 
construction of interaction for massless fields [131 EH] or parity odd topologically massive 
ones [T5"| [TBI IT?] . But massless higher spin fields in three dimensions being pure gauge do 
not have any physical degrees of freedom, while topologically massive one though do contain 
physical degrees of freedom but due to their specific properties can hardly be generalized 
to higher dimensions. That is why we think that it is important to investigate parity even 
interacting theories for massive higher spin fields^- On the one hand, such theories will 
certainly have physical interest by themselves, e.g. for study the various aspects of duality, 
and from the other hand we may expect that they admit higher dimensional generalizations. 
And it seems natural to begin such investigations with the gravitational interactions that 
play fundamental role in any higher spin theory. 

In this paper we consider gravitational interactions for massive higher spin fields in AdS$ 
space in the linear approximation. It means that we construct a cubic interacting vertex 
quadratic in massive higher spin field and linear in gravitational field on AdS% background. 
We use frame-like gauge invariant formalism for massive fields [2T] 122] adopted to three 
dimensions elaborated in our recent paper [23]. To our opinion such formalism is the most 
convenient one for investigations of massive higher spin interactions. From one hand, its 
gauge invariance allows one to extend constructive approach to investigation of massless 
higher spin interactions to the case of arbitrary combination of massless and/or massive 
one with the interaction of massless gravity with massive higher spins being one important 
example. From the other hand, such formalism nicely works in AdS space with arbitrary 
value of cosmological constant including flat Minkowski space and this allows one to consider 
all possible massless and partially massless limits that exist for given field [211 [25j EH |2T] as 
well as the flat limit. 

The work is organized as follows. In Section 1 as an illustration of general technics that 
we will use for massive fields in subsequent sections we provide a couple of simplest examples 
of interacting massless theories. Namely, we consider massless d = 3 gravity itself and the 
model of its interaction with massless spin-3 field for the first time constructed in [11] . Then 
in Section 2 we carefully analyze gravitational interactions for massive spin 3 field. The main 
result here that even in massive case it is possible to switch on gravitational interaction in 
the linear approximation, e.g. to construct the cubic vertex linear in gravitational field and 
quadratic in massive higher spin field, without any need to introduce higher derivative correc- 
tions to the Lagrangian and/or gauge transformations typical for higher dimensional theories 
[27] [28] . This, in turn, implies that even after switching on gravitational interactions (at 

1 Lagrangian formulation for d — 3 massive higher spin fields has been given for the first time in |18j . The 
aspects of massive higher spin fields in AdSa ar e also discussed in [19] and [20] . 
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least in the linear approximation) one can freely consider any massless or partially massless 
limits as well as the flat one. At the same time we argue that contrary to the massless case 
the system gravity plus massive spin-3 is not closed so that to construct closed consistent 
theory one has to introduce other fields and/or interactions. Than in Section 3 we generalize 
these results to the case of arbitrary integer spin and obtain the corresponding cubic vertex. 
As in the spin-3 case, this vertex also does not contain any higher derivative corrections and 
admit non-singular massless, partially massless and flat limits. It was clear from the very 
beginning that the system under consideration can not be closed (simply because massless 
theory is not closed) but let us stress that that the results of linear approximation do not 
depend on the presence of any other fields so that the structure of cubic vertex is model 
independent. 

Notations and conventions. We use Greek letters for the world indices and Latin 
letters for the local ones. We work in (A)dS space with arbitrary value of cosmological 
constant A and use the notation for AdS covariant derivative normalized so that 

[Z^,A,r = AV^b A 2 = -A 

where e M a plays the role of (non-dynamical) frame of (A)dS background. Also to write the 
expression in totally antisymmetric form on the world indices (which is equivalent to an 
external product of 1-forms) we will often use the notation 

\ ab J — e a e b e fe e a 

and similarly for { ^bc}- 

1 Massless case 

In this section we present a couple of most simple examples of interacting massless theories in 
AdSs- The reasons for its inclusion are twofold. From one hand they give simple illustration 
of general technics that we will use for the massive cases in the subsequent sections. From the 
other one, it is instructive to compare massless and massive cases because in some aspects 
they appear to be drastically different. 

1.1 Gravity 

Free massless spin-2 filed in AdS 3 space is described by the Lagrangian: 

A) = \ { £}« - e^<£U« a + y { Z) K a K b (1) 
which is invariant under the following gauge transformations: 

5o<77° + X 2 e, ab e, S h, a D,C + e/V (2) 
Now if we introduce two gauge invariant objects (curvature and torsion) 

Rfus a = D^uj v ] a + \ 2 e^ ab h u b 

T M / = D^h u] a + e { , ab u u] b (3) 
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then the Lagrangian can be rewritten as follows 

C = -^K'T,,' + K a R vo ?\ (4) 
Let us introduce new variables 

<V = + \h*, V = a;/ - A/i/ (5) 
and their corresponding gauge invariant objects 

Rfj,u a = D[ fl uj l/ ] a + \e[ fJ ab uj l/ ] b , T Mi / = D^hv] 0, - \E[ )l ab h l/ ] b (6) 
Then the Lagrangian takes the form 

£o = —-^y[^fjL a Rua a — h t j, a T l/a a ] (7) 

Thus the Lagrangian now consists of two independent parts each one containing only one 
field and is invariant under its own gauge transformation 

S u, a = Drf* + Xe^rf, 5 V = D,t ~ Ae^l 6 (8) 

where 

f ) = r ] a + XC, £ a = V a -^ a (9) 

Now if we suppose that such possibility to separate variables exists after switching on inter- 
action as well we can greatly simplify all calculations working with only one field and one 
gauge transformation. In components the free Lagrangian for the field a) M a has the form: 

A) = -^[e^<VAA»° - A { Z) WpV] (10) 

To consider possible self interactions we begin with linear approximation (i.e. cubic terms 
in the Lagrangian and linear terms in gauge transformations). In this case the only possible 
cubic vertex and corresponding correction to gauge transformations look like: 

A = «o { T} w;*, (SicV = Oioe abc (b b rf (11) 
Gauge invariance in the linear approximation requires that 

Sod + 5 x Co = 

and gives us 

- - -m (12) 

Now if we try to go beyond linear approximation we face the important fact that in the 
frame-like formalism in d = 3 there are no any quartic vertices for all spins s > 2. Happily, 
in this particular case it is easy to check that 8\C\ = so that we have closed consistent 
theory without any need to introduce some other fields. The resulting Lagrangian 

£ = -^[«/AA* a - A { Z) + y { T) ^u b Cj a c ] (13) 
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is invariant under the following gauge transformations 

<5 uv a = D^ a + Xe^ff + a e abc ujfi c (14) 
In turn, this gauge invariance implies that there exists deformation for curvature 

R/iu a = R/iu a + -^-£ ahc U[fi h u u ] c (15) 

which transforms covariantly 

SR^ a = a^R^ff (16) 

In-particular, this means that this model can be considered as Chern-Simons theory with 
the algebra 0(2, 1) w SL(2) [12]. Note however that the interacting Lagrangian can not be 
written in the form similar to the free one because 

-e^ a;^ /t„ a — L> u u a — A{ ab \ u v + — { abc ) u;^ u v w Q 

but the equations of motion following from the Lagrangian are equivalent to 

Rp,v a = 

Now we can easily return back to initial variables taking the complete Lagrangian in the 
form 

C = C(u)-C(h) (17) 

Note that in terms of initial variables each part contains parity odd higher derivative terms 
and only when coefficients are equal these terms are canceled and we obtain parity even 
theory with no more than two derivatives. Such theory is nothing else but usual d = 3 
gravity in AdS background with the Lagrangian 

1 A 2 
C = ^{Z}<^ b -e^ a D u h a a + -{Z}K a h u b - 

- f { abc) K a »v h K e + jVA1 (18) 

which is invariant under the following gauge transformations: 

5< = D, v a + A 2 e, ah X h + ao^KV + A 2 Vf] 

<*V = ^C a + £/V + «o£ a6c [^V + Vr] (19) 

At the same time in this formulation it is equivalent to Chern-Simons theory with the algebra 
0(2,2) « 0(2, 1) x 0(1,2) w SX(2) x SL(2) [121 [IT]. Note here that it is the separation of 
variables that we use to simplify construction that requires non-zero A. As can be clearly 
seen from the last two formulas in the complete theory nothing prevent us from considering 
the flat limit A — > 0. The resulting theory (it is just a usual d = 3 gravity in a flat Minkowski 
background) can still be considered as a Chern-Simons one but with the algebra isomorphic 
to three-dimensional Poincare one. 
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1.2 Spin-3 field 

Free massless spin-3 field in AdS 3 space can be described by the following Lagrangian 

C = -{ Z) % ac ^u bc + e^Q^D^ - A 2 { Z) $/ c ^, 6c (20) 

where both fl^ ab and $^ ab are symmetric and traceless on local indices. This Lagrangian is 
invariant under the following gauge transformations: 

fan* = - X 2 e< a ^ c , 5 $/ 6 = D^ ab - e< a rf> c (21) 

where both rf b and £ ab are symmetric and traceless. As in the spin 2 case the Lagrangian 
can be written in terms of gauge invariant objects (which we will call curvatures) 

Q, u ab = D^ u] ab - \ 2 £{ < a ^ c , H^ ab = D { ^ u] ab - e { < a n^ c (22) 

in the form 

C = l -e^ a [% ab n ua ab + $/ b ^ Q ab ] (23) 
As in the spin-2 case we can introduce new variables 

Cl* = % ab + A$/ 6 , = % ab - A$/ b (24) 

and rewrite the free Lagrangian in the form 

Co = ^ a [£l*g„ a ab - % ab H„ a ab ] (25) 

where 

G, v ab = D { ^ u] ab - Xe^ClJ* H, u ab = D^ v] ab + \e { < a ^ c (26) 

Again each half of the Lagrangian contains one field only and is invariant under one gauge 
transformation 

S n, ab = D,fj ab - \e< a r) b)c , 5 <V 6 = D^ ah + \s» c(a i b)c (27) 

where now 

ff> = n ab + \i ab . t b = rf - \i ab (28) 

Thus assuming that the possibility to separate variables exists after switching on interaction 
we can work with one field and take care on one gauge transformation. The component form 
for f2 M a6 field Lagrangian looks as follows 

Co = j^[s^ a n, ab D u n a ab - 2A { Z) ( 29 ) 

Now let us turn to the gravitational interactions for such particles. The only possible cubic 
vertex now has the form 

C 1 = a 1 { T} ^ ad n u bd u a c (30) 
while corresponding corrections to gauge transformations can be written as follows 

<5ifi/ 6 = a 1 e cd ^ a n b ^fi d + a 2 e cd{a ff^Cj d , = a 3 e abc Cl l J' d fi cd (31) 
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Now consider gauge invariance in the linear approximation that requires 5q£i + 5\Cq = 0. 
For ff transformations we obtain 

Sod = -2oi{^ a }D^^ M ^ c + 2oiA^ a ^/n Q a6 7) 6 

This gives us 

ai = 2A 

At the same time for ff h transformations we get 

Sod = 2 ai {nPMV-n; rf ^A c ] + 

+2a 1 Xe^ a [2Cl^ a fj ab uj a c + £l fl a % a u; a b + 2% ab f l ab u I/y 



= { D [y Dfi^TPCiS - ^ ad rj bd D„cu a c ] + 



and we obtain 



«2 = — cti, 03 = — 2ot\ 

To go beyond linear approximation let us collect together self interaction for graviton and 
its interaction with spin 3: 

M - ~T^X ^ abc 2A abc * M 

and all corrections to gauge transformations: 

5^ = aoE abc Gj b rf - 2a 1 e abc h u bd i 1 cd 

= ai£ cd(a fi/ )c ?) d - aie cd(a 7} 6)c w/ (33) 

Now calculating quadratic variations we obtain 

*iA = (a ° ~ A ai)Q:i g^/^^aV + <y^ b Q a ac 7) bc ] 

so that for cci = a all variations cancel. As in the pure gravity case the invariance of the 
Lagrangian implies that there exist deformations of the curvatures 

D a pa, a abc ~ b *• c n/ ,_a6cA Mn cd 

h^ ab = g^ ab + a Q e c ^%^ c u v] d (34) 
which transform covariantly 

5R, u a = aoe abc \R» b rf-2Q ii bd rf d \ 

5G,u ab = a o e cd ( a 0^ c r) d -f)V c R^ d ] (35) 
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and such that the equations of motion following from the Lagrangian are equivalent to 

Ku a = 0, d,u ab = (36) 

In this, such model can be considered as a Chern-Simons theory with the algebra SL(3) 

To simplify comparison with the massive case let us re-express main formulas in terms 
of the initial variables. The interacting Lagrangian has the form: 

-^/uvV - y K a K b h a c ] (37) 

while corrections to gauge transformations look as follows: 

6 1 u, a = a e abc [u fM b V c + X 2 h^e-2Q^ d V cd -2X 2 ^ fl bd e d } 
5 1 h, a = a0 £ o6 1/i M V + o; M 6 C c -2VV d -2O M M ei 
8itt l j ab = a £ cd(a [^/V + A 2 V )c ^-^ )Cw /- A ^ )c V] (38) 

At last the deformed curvatures can be written as: 

R P u a = R P „ a + Y^ abc h^] c + a 2 %V - 2 VUf d - 2A 2 V d< Vl 

f, v a = T^ a + a Q e abc [u [ b h u f-2% bd <b v] cd } 

Q, v ab = g^ + aoe^in^uZ + X^H/} (39) 

Thus complete model in terms of initial variables is equivalent to Chern-Simons theory with 
the algebra SL(3) x SL(3) [11] . Let us stress here that contrary to higher-dimensional case 
[27] [28] this model does not contain any higher derivative terms and as a result admits 
non-singular flat limit A — > 0. 

1.3 Arbitrary spin-s field 

For brevity in this case from the very beginning we will work in terms of separated variable 
Cl fl ai " Ms ~ 1 which are completely symmetric and traceless on local indices. Also to simplify 
formulas we will use compact notations f2 A1 ai,,,afc = Q^ k ' where index k denotes just the 
number of local indices and not the indices themselves. The free Lagrangian for massless 
spin-s field has the form [25] : 

£ ° = ^-^[^nS'-VDuCiJ'-v -{s- i)A { %} q^q^} (40) 

It is invariant under the following gauge transformations 

5 n, (s - 1) = d^ s -v - £ /(y- 2 )« (4i) 
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where parameter f)( s ^ is also symmetric and traceless. 

Let us consider interaction of this field with gravity. The only cubic vertex possible looks 
like: 

d = (-l) s+1 a s { T) % a{s - 2) ^ h(s - 2) Qj a c (42) 
while corresponding corrections to gauge transformations can be written as follows: 

= a 1 e ab{1 n^ 2)a r ] b + a 2 € ab(1 fi s ~ 2)a co IM b 
5 x Cj^ = ase^tt^-Vfi^-V (43) 

Now we have to calculate linear variations. For 7) a transformations we obtain: 

Sod = -2a s { ^jZ^/^O^^^ 

s x d = {s ~ 2 f ai [{ T) D,n u a ^n a b ^fi c - Ae^,,*'- 2 ^'- V] 

Thus we have to put 

(s — l)«i 

Similarly, from the variations under the j^ -1 ) transformations we get 

a 2 = (-l) s ai, a 3 — —(s — l)a 1 

Thus we have achieved gauge invariance in the linear approximation. Combining self inter- 
action for graviton with its interaction with spin s particle we obtain the cubic Lagrangian 

d = ^ { zn hj^v + (-n s+l (s - 1)^/*- 2 ^- 2 ^] (44) 

and complete set of corrections to gauge transformations 

= aoE abc Cj b rf - (s - l) ai e abc Q^ s - 2) f]< s -^ 
5 1 n^ = a 1 e abil Q tl s - 2 ' )a fi b + {-l) s a 1 e ab(1 fi s - 2)a uj fl b (45) 

Now let us consider quadratic variations. For the ff transformations we get 

5 x d = hiy+1{s - \ )ai(a ° ~ ai) e^Cl*-QCl«'-V& a a fj b 
2 A 

so we have to put a\ = a$. But this still leaves us with the fj^' 1 ^ variations of the form 

5 x d ~ &'- 1 W'- 1 W'- 1 ty'- 1 '> 

that cancel for the s = 3 case only so that for any spin s > 4 to obtain closed consistent 
theory we have to introduce some other fields and/or interactions. As it has been shown in 
[TTj one of the possible solutions is to introduce all intermediate spins s = 3, 4, . . . , (s — 1) 
as well as corresponding additional cubic vertices with the result being the Chern-Simons 
theory with the algebra SL(s). 
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2 Massive spin-3 field 



Self interaction and interacting with gravity for massive spin-3 field has been considered in 
the recent paper of one of us [29] and in this section we consider gravitational interaction 
for massive spin 3 one. 



2.1 Kinematics of massive spin-3 field 

Frame-like gauge invariant formalism for massive spin-3 field in (A)dS space adopted to three 
dimensions [23j requires four pairs of fields (f2 M afe , $ M afe ), (ly, J^ 0- ), (B a , A M ) and (ir a ,(p). In 
this, the free Lagrangian has the form 



+e^ a [3mn^ a f a a + m^^ v a n a a - 2m^ v A a + rhf^B a ] + MttM^ + 
M 2 M 2 

+ { Z) \-^r^ bC + ~j-U a fA + Mmefatfip + 3rh 2 p 2 (46) 
and is invariant under the following set of gauge transformations 



M 2 



S % a = D/ + 3mV + ^;^ (47) 

W = D^ + e*7i b + mZS + 2me l S£ 

5 B a = -2mr) a , S A lt = D^ + m^, 

5 ir a = MmC, S tp = — M£ 



where 



m 2 = 8m 2 + AX 2 , M 2 = 18(3m 2 + 2A 2 ) 

Recall that in de Sitter space (A 2 < 0) there exist two partially massless limits [2] 
j. First one corresponds to M — > 0, in this scalar component decouples leaving us with 
the Lagrangian 

£ = -{^jy^+e^y^A^ 



1 

2' 

+s" ra [3mfi p ;/; + m$w a n a a - 2m%, v A a + rhf^ u B a ] (4* 



+ -B a B a - e^ a B^D u A a + 



which is still invariant under the whole set of gauge transformations 
Soto* = D^ ab + ^{e^ - 2 -g a \) 



<S tyx° = DX + Smri^ (49) 

5 0J B a = -2m?7 a , M^ = ^ + ^ 

In d = 3 dimensions such partially massless particle has one physical degree of freedom only 
instead of usual two in general massive case. 

The other partially massless limit corresponds to in — >■ 0, in this scalar and vector 
components decouple leaving us with the Lagrangian 

Co = - { :} o; c n, k + £ " ra fi; 6 ^$ a a6 + ^ { - e^ a n;z) j a a + 

M 2 M 2 

+s^ a [3mn^ a f a a + m$ M ,/0/] + { £} + —f, a f u b ] (50) 

which is invariant under the following gauge transformations: 

So** = D^-s< a ^ c + ^{e,H b) -\g a %) 

M 2 

SoSlf = DX + 3m?7/ + — e*? (51) 

In such limit we obtain a system that does not have any physical degrees of freedom. At last, 
recall that in the massless limit in AdS space massive spin 3 field decomposes into massless 
spin 3 field and massive spin-2 one. 

Let us return back to general massive case. Similarly to the massless case for all fields 
entering the description of massive field one can construct corresponding gauge invariant 
object (which we will call curvatures though there are two forms as well as one forms among 
them): 

m 2 A4 2 

TV 16 = AA ab -% c(a ^ 6)c + ^(e[M (a /,] b) + ^ a6 /[M) 

M 2 

= D^Q u] a - 3mQ M a - me^ a B u] + —e [lM ab f u] b - Mme^'tp 

V = DpB a + 2Ml IJ a -™e/ > * b -V li a (52) 
= D^A,;] — e^ u a B a — rhffov] 

V = fl/-Mm/;-2m 2 e M V-V 
$ M = - tt m + MA^ 
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where zero forms V ab and W ab (that do not enter the free Lagrangian) are symmetric, 
traceless and have the following transformations: 

S Q V ab = 6mmr] ab , 5 W ab = -Mmmi ab 

Moreover, using these curvatures the free Lagrangian can be rewritten in the form similar 
to the Chern-Simons one 

p c Ilvol ["q abnj a ^ _|_ rf) abr> ab q a*-r~ a j? a 77 a 

-2A^ a - B^Ava] + -e^-^n/ + 7T°^] (53) 

2.2 Non-canonical vertices 

In our investigations of gravitational vertices we will call vertex canonical if it corresponds to 
switching on standard minimal interactions, i.e. to the replacement of background frame e^ a 
by the dynamical one e^ a — h^ a and the background Lorentz derivative _D M by fully covariant 
one Dp — Up. For massive spin-3 case due to the presence of Stueckelberg fields we have two 
possible non-canonical vertices. First one of the type 2 — 2 — where one of the spin 2 is 
the graviton, while the other is a Stueckelberg field. Such vertex has been considered in the 
work of one of us [29] devoted to massive spin-2 where it was shown that such vertex can 
be completely removed by field redefinitions. The second possibility is the vertex of type 
3 — 2 — 1 where spin-2 is again the graviton, while spin 1 is a Stueckelberg field. The most 
general ansatz for such vertex can be written as follows: 

A = { ab) [ai% ac h u c B b + a 2 Qp ac h u b B c + a 3 <S>p ac u u c B b + a^p ac u b B c ] + 

+e^ a [a 5 hp a D u ^ a ab B b + a 6 Dph u a <S> a ab B b ] (54) 

Recall that all vertices which have the same or greater number of derivatives as free La- 
grangian are always defined up to possible field redefinitions. For the case at hands we have 
the following possibilities: 

Qp ab Qp ab + k^B^ - Tr, Up a ^Up a + K 2 $p ab B b (55) 

Let us consider variations under gravitational £ a transformations: 

5 A = { Z) [aiD^B h t + a 2 D^B% b - a^/TA^ 6 - a^l^D v B h ] - 
-a 5 s^ a Dp^ ab i a D a B b 

To compensate these variations we introduce the following corrections to gauge transforma- 
tions: 

8 X $* = ai e< a B b ^e + a 2 ep c{a l b) B c -Tr 
tfijy 6 = aS a DpB^-Tr 

They produce the following variations: 

S 1 C = 2{^}[Dpn v a %a 1 Bi b + a 2 B b i c )-as^ a %i b D v B c + CD v B b )} + 
+2a 3 e^ ua Dp^ 1/ ab i a D a B b 
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Thus we obtain 

a 1 — a 2 — — 2a 3 , a 5 = 2a 3 =>- a x = a 2 = — a 5 

but such relations on ai i2 5 means that these terms can be removed by field redefinition with 
parameter K\. This leaves us with 

A = { Z } M /VB 6 + a 4 $ M ac ^ 6 S c ] + aee^ ^^ ^ 06 ^ 6 

Now let us consider variations under ^ ab transformations 

5 £i = C c { ab} [-asD^ u c B b - a 4 D^ u b B c + a 3 cu^ c D 1/ B b + a A u b D v B c \ - 
-e^ a D„K a C b D a B b 

Then we introduce corresponding corrections to gauge transformations 

<y< = Pi?%B b , 5K a = p 2 s, ab t bc B c 

which produce 

6 1 C = Pi { %} u» a e c d„B c - p l e^ a d u h u a C b d a B b - he^ a D^ v a e a ab i bc B c 
Thus we obtain 

a 3 = 0, a 4 = Pi = -a 6 

and it means that all the remaining terms can be removed by field redefinition with the 
parameter k 2 . 

2.3 Canonical vertices 

In this subsection we consider canonical vertices, i.e. those that correspond to standard 
minimal interaction with the replacement of background frame e M a by dynamical one e^ a —h^ a 
and AdS covariant derivatives by total Lorentz covariant one — oj^. To be sure that 
the results obtained are the most general ones initially we take all such terms with arbitrary 
coefficients. Thus the ansatz for cubic Lagrangian will look as follows: 

A = { T) \ciK a n u bd n a cd + c 2 u, a n u bd ^ a cd + c 3 v^ b O* c + c 4 //w„ 6 n a c ] + 

+c 5 hB a B a + c 6 e^ a h^ a B a D u A a + c 7 hn a ^ a + c 8 { h^ b D v tp + 

+e^ a [d 1 h, a n u ab f a b + d 2 h, a § u ab n a b + d 3 h, a n u a A a + 

+d 4 h, a f u a B a + d,h, a f u , a B a ] + de { %} K a ii b A v + 
+ { n [eih^ u b % a cd + e 2 h» a f„ b f a c ] + e 3 { %} h, a f^ + e 4 V (56) 

Let us begin with gravitational Lorentz transformations. Calculating variations under the 
ff transformations we obtain 

^oA = { T) [-c 2 D^ v ad <s> bd ff - C2 D^ ad n a bd fj c - c 4 D,n u a f a b f! c - Ci D,u a n a b fi c ] + 

+e^ a [2 Cl n^ a n a ab fi b + 2c 3 Q^Q a a f] a + c^^DM + c 6 { Z) B a f} b D^A u + 
+ { Z) [di^ ac U c V b + d 2 ^ ac Q v c fj b + d 3 % a A v f, b + dtj*B v f? + d 5 f^B a f, b ] + 
+e" va [d 6 n li fj v A a + 2e 1 ^^ a ab f l b + 2e 2 j^j a a ff + e 3 f^fj a ip] 
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By analyzing the terms with explicit derivatives it is not hard to determine the corresponding 
corrections to gauge transformations: 

8Sl^ ab = -e cd(a nV c f) d , 5i<V b = -e cd(a <5>V c f) d 
5^ = c 6 s abc B b fi c , 5m a = -c 8 e afe %V 

They produce 

<*i4> = { Zc) [c2D,n u ad ^ a M f, c + c 2 D^ u ad n a M f, c + c ,D^ u a j b ff + c 4 Dj u a n a b f, c ] + 
+£ ^ C2 n^n a ab fi b - c 4 n^n a a v a - w^d^] - c 6 { Z) B a f, b D^A v 

3TTIC2 ( ul/ -, ^ ac~b f c q™/ C2 i \ f wai <~l a f b~c 



{ Z) % ac ifU c - 3m(^ + c 4 ) { Z: } ^,u a fJv c - 



2 l do j a* i j " — \ 2 

" " - r ///' l .i. ./r • .'.<• -. r- / ' - , i //i/o i i or\ 6~c 



{ £} <V C W C - + c 4 ) { r } S^WF - 



2 Laojp i " 2 

-2mc 4 { ft/rfA, + mc 4 { //rf + mc 6 { £} - Mc 8 e^ a ir,f, u A a 

Then requiring that S Ci + 5i£ — we obtain 

c 2 = 2ci, 2c 3 = c 4 = — ci 

di = 3mci, c? 2 = toci, c?3 = — 2rhci, d 4 = mci, d 5 = —tticq, d Q = Mc$ 

M 2 c x M 2 Cl _ 

ei = -57-, e 2 = — , e 3 = -Mmc x 

36 8 

Now let us consider variations under the £ a transformations 

<*oA = { IT) [-2 ClJ D^ a<i Q Q M | c - 2c 3J D^ a Q Q 6 r] - 

-2c^B a D,B a - c 6 e^ a CD^B a D u A a - 2c 7 £'V a J DX - c 8 { i'D^D^ + 
+£^ a [-dif°iW a6 / a 6 + d 1 i a n/'D v f a b - d 2 i a D^ u ab n a b + d^^A,^ 6 - 
-d 3 f a £>A a A* + d£ a n.„ a D u A a - d 4 i a DJ u a B a + d A l a f^ a D v B a - 
-dd a D,U, a B a - d 5 Cf^D a B a ] - d 6 { Z) \CD,iT b A p + fVD^] - 
- { Zn [2 ei ^$; d $ a M r + ZetDJSfJft + e 3 { £} [-f^/A' + i a f b D v ip\ - 
-le&ipD^ + \ 2 e^ a [c 2 (n^ a ab + Q/ b $,, Q a )| 6 + c 4 (fi M ,,/ a a + ^%a)l°] 

In this case we have a lot of terms with explicit derivatives and the corresponding corrections 
to gauge transformations look as follows: 

5n, ab = ^(n^-^g ab n^ c ) + ei e cd ^^ c i d 

SQ, a = d^ ab l b - d 4 B,C - d b e, a B b l b - 2e 2 e abc f b l c 
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5B„ = - C6 CD f ,B a + d 3 n il a C + d G e ll ab 7r^ b 
5A^ = -c 6 e/ > B a S b + d 4 f lt a i a 

5n a = C8 (eD,n a -e(Dn)) + e 3 (fe-f, a e) + 2eM a 
6<p = c 8 (7r|) 

By straightforward but rather long calculations we can see that all variations can be canceled 
provided the following relations hold: 

— 2c5 = cq = 2c7 = — cs = ci, e4 = — 3m 2 ci 

Thus the invariance under the gravitational gauge transformations already completely fixes 
all the coefficients in the Lagrangian and in the corresponding corrections to gauge transfor- 
mations up to one arbitrary coupling constant. Choosing the same coupling constant a± as 
in the massless spin 3 case we obtain the following final form of the cubic vertex (compare 
with the free Lagrangian (|46p ): 

A = «i { D M^a 01 + 2<n, M $ a oi - ^ v^X" - /, Vn a 1 + 

+ ai [-~hB a B a + e^ a h^B a D u A a + -fcTrV* - { £} h^ b D v y\ + 

+a 1 e^ Q [3mh f , a Q u ab f a b + mh^ a <S> v ab VL a b + 2mh ll a Sl v a A a - 

-mh, a f v a B a - mh, a f v ^B a ] - Ma, { /i M V^ + 

36 

■Mmaj { V7"V - 3m W (57) 



and corrections to the gravitational gauge transformations: 

m ~ 1 ~ A/f 2 

3??? 2 

= ai[e rf(a VV + ^^ 6)c ^ + -2-(/A. (a ^ ) -3^ a6 /MT)] 

^0/ = aj [e^V + 3m^V £ - + me M °B V + — - Mme^v] 

5a// = aa [e^if + e o6c O/f + m^^f + 2mA£ a \ 

6 1 B lt = a 1 [e^ b B a rj b -eD„B a -2m% a e-Me fi ab 7r a i b ] (58) 

<M„ = ai [-e, ab B a l b + mf^t] 

5 l7 r a = ai [e abc n b fi c -(^D^ a -i a (Dn))- Mm(fC- f^ a ^)-6rh 2 ipC] 

S lL p = -aa(7r|) 

But we still have to take care on the whole set of massive spin 3 gauge transformations r] ab , 

^ Note that there 

is a striking difference between d = 3 and d > 4 cases here. In 
d > 4 dimensions variations of the Lagrangian under the higher spin gauge transformations 
produce terms proportional to gravitational curvature and to compensate for these terms 
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one has to introduce a lot of higher derivative corrections to the Lagrangian and gauge 
transformations [271 I2H]- Moreover, the higher the spin one will try to consider the more 
derivatives one will have to introduce. In this, the most important terms are the ones 
containing Weyl tensor because all the terms containing Ricci tensor can be compensated by 
corresponding corrections to graviton transformations and/or removed by field redefinitions. 
But in three dimensions Weyl tensor is identically zero and as a result, as we will show on 
the example of massive spin 3 field now, it is possible to achieve gauge invariance in the 
linear approximation without introduction of any higher derivative corrections. Thus after 
switching on gravitational interactions we still can consider any massless, partially massless 
or flat limits. Moreover, as it will be seen from the next section, this holds true for the 
arbitrary spins as well. 

So our cubic vertex is completely fixed and now we have to find corrections to massive 
spin-3 gauge transformations to achieve invariance in the linear approximation. The proce- 
dure goes exactly in the same way as it was shown above: we calculate variations of cubic 
vertex 5qCi, analyze the terms containing explicit derivatives, find the form of the necessary 
corrections to gauge transformations and adjust coefficients to achieve 5qC\ + 5\Cq = 0. All 
the calculations are straightforward but rather long so we will not give the details of them 
here and simply give the final results. For massive spin 3 fields the corrections to gauge 
transformations appear to be: 

m 2 A/f 2 

3rr? 2 

M 2 

tfxiy = a 1 [e abc oj b r] c -?>mr] ab h b + — e afec Vf] (59) 

8 1 f fl a = ai [ £ fl %V + e a Vf-<V-2mVe] 
M M = -a 1 rhh„ a ^ a 

Comparing these expressions with the initial gauge transformations (1471) . one can see that 
they indeed correspond to standard substitution rules. At the same time the gravitational 
fields also have non-trivial transformations: 

5 l u, a = ai \-2e abc % hd V cd + e abc n, b r} c + 3mr, ab f, b + mf^/ - m - ImA^if - 

M 2 M 2 

5 x hf = ai^l-S^V^n/t' + ^V + n/f] (60) 

As in the massless case the invariance of the Lagrangian implies that there exist defor- 
mations for all gauge invariant curvatures such that under corrected gauge transformations 
they transform covariantly and this provides highly non-trivial check for all our calculations. 
All additional terms for the massive spin-3 curvatures contain one forms u^ a or h^ a and 
completely determined by the structure of gauge transformations. The results 

m 2 M 2 
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Au^ ab = ai[e^°(VW + n^Kf) + — (f^H^ - -g^f^Kf)] 

AT^ = ai [e abc Q { b u v] c + 3mn^ ab h u] b - mB^h u] a + me [fl a h u] b B b + 
M 2 

+—z abc fl» b K] c - Mme^KM ( 61 ) 
AV = a^V'^uf + W) + m^ ab h v] b + 2mA { ,h v] a ] 

AA^ = a 1 [-e [ ^ b B a h u] b + rhf [ ^K ] a ] 

AIL/ = a l [e abc uj b 'K c + 2m 2 V h li a + W ab h li % A$ M = ai /^V 

clearly show that these deformations (as well as corrections to gauge transformations) exactly 
correspond to standard substitution rules. As for the deformations for gravitational curvature 
and torsion, all terms containing one forms are also determined by the very structure of 
corrections to gauge transformations, while the terms quadratic in zero forms are determined 
by the requirement that deformed curvatures transform covariantly. By straightforward but 
rather lengthy calculations we obtain 

AR^ = a 1 [-e abc ^ bd n v] cd + ^ 6 *V - 3mQ {lI ab f v] b - m<5> [fl ab n u] b + 2mQ {ll a A u] - 

M 2 M 2 
-mf^ a B v] - —e abc ^ b % v f d + —e^f^Uf - Mme^tftp - 

-e il b B a B b + l -e, v a B 2 - W + ^ V + 3m W] (62) 

We have already mentioned that the system gravity plus massless spin 3 provides closed 
consistent theory without any needs to introduce some other fields. But if we consider 
quadratic variations to check if 8\Ci = we immediately recover that contrary to the massless 
case the system gravity plus massive spin 3 is not closed. The crucial point is the variations 
under the main spin 3 transformations i] ab and £ ab that contain one forms f2/ b , $/ b , fi/ 
and //. In three dimensions there are no any quartic vertices constructed out of one forms, 
while zero forms B a , ir a and ip do not have non-trivial transformations and can not be of 
any help. Thus to construct consistent theory (if it exists at all) we must introduce other 
fields into the system. Let us stress however that the existence and the very structure of 
cubic vertex do not depend on the presence or absence of any other fields so that the results 
obtained here are universal and model independent. 



3 Massive arbitrary spin-s field 

In this section we consider cubic gravitational vertex for massive field with arbitrary integer 
spin s. We already know that the system gravity plus massless spin s is not closed so that 
there is no chance that it can be the case for massive field. But as we have already mentioned 
the existence and structure of cubic vertex do not depend on the presence of any other fields. 
Moreover the mere existence of such cubic vertex is crucial for any further investigations. 
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3.1 Kinematics 

We will use frame-like gauge invariant description for massive spin s field elaborated in our 
previous work [23]. Such description uses a collection of one forms fl^ k \ &^ k \ 1 < ft < s — 1 
(in the same compact notations) and a pair of zero forms B a , 7i a . The free Lagrangian has 
the form: 



k=l 

s_1 r ft + l 



Y / (-i) k+1 ka k e^ a [-—-n^ k - 1 ^J k - 1 ^ + n^^-V] + 

; o ft 1 



k=2 

+ ±B a B a - e^iB^a + jB^ - 70^,^] + 2/? x V^ a (63) 
and is invariant under the following gauge transformations: 

^ w = ^ (fc) -^^ fc - 1)b + « fc ^[e,^ fe - 1) -^^ ( v- 2) ]+ 



(*) 



ft- 1 L " * 2ft- r ^ J ft + 2 



5 B a = 7o?A ^o7r a = -yr (64) 



where 



o:k 2 



(ft-l)(s-ft)(s + ft) r 
ft 3 (ft+ l)(2fc+ 1) 



a s _i 2 + (s - ft - l)(s + ft - 1)A 2 , ft = 2, 3...(s - 1) 



A = ^PTT^- 1 ' ft = i,2...(,-i), A_! 2 = ^-^« s _x 2 + A 2 

(fc + l)(ft + 2) 
7fc = " ^ -<**+i fc = l,2...(s-2) 

9 2(s - l)(s + 1) r o , s , 9l 
7o 2 = f ) -[a s . 1 2 + s(s-2)X 2 } 

* 2 S(S-1) 3 2 

s — 2 

Recall that in a de Sitter space (A = —A 2 > 0) there exists a number of so called partially 
massless limits [2H 123 123 EI]- It happens each time when one of the parameters a k goes to 
zero. In this, the whole system decomposes into two independent subsystems, one of them 
describing partially massless spin s particle, while the other subsystem describes massive 
spin k one. 



3.2 Cubic vertex 

Let us turn to the gravitational interactions for such massive spin s field. As we have already 
mentioned, in three dimensions even for arbitrary spin it is possible to achieve gauge invari- 
ance in the linear approximation without introduction of any higher derivatives corrections 
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to the Lagrangian and/or gauge transformations. This time from the very beginning we 
take cubic vertex corresponding to standard substitution rules, i.e. the replacement of AdS 
derivative by totally covariant one — uj^ and the background frame e^ a by dynamical 
one e M a — /i M a , though we have explicitly checked that it is indeed the most general solution. 
Such vertex is determined up to one arbitrary coupling constant, that for simplicity we set 
to be 1, and looks as follows: 

A = J2(-i) k k { v^ b(fe_1) ^ c(fc_1) + w/n^*- 1 )^*- 1 )] - 
k=i 1 

J- hB a B a + { Z) <£U 6 + er a h*[B a D v n a + B„D a n a ] + 

k=2 k V 

s-l Lfl 2 

+ EM)" ^ { D K a ^ k - l ^< k ^ - 2^ 2 hn a n a (65) 
k=i 1 

Note that as in the spin-3 case the structure of the vertex is completely determined (up to 
possible field redefinitions) by the invariance under the gravitational ff and £ a transforma- 
tions. In this, appropriate corrections to gauge transformations is found to be: 

Wj® = e* 1 [n/- 1 ) V + ft 2 V" 1)a ?l + {k + 1} f + 2) ^ k+ i^ a{k) i a + 

+a k [Q, (k ^ - ^T5 (2 ^ fe - 2) T] + 

tf^ (*) = £ « 6 (i [^/-^rf + n^ k - 1)a Z b ] + (k + l)a k+l §< k) e + 
A; + 1 n rt-_i m 2 



+ 



= e abc n ix b fj c + 6a 2 n ix ab i b -^e l , a B b i b (66) 

Now we have to take care on all massive spin gauge transformations and check if we indeed 
have invariance in the linear approximation. As for the higher spin fields, their corrections 
to gauge transformations again exactly correspond to standard substitution rules: 

<^ (fe) = -^v- i} v + pk 2 e- i)a K b \ - {k+l)( k h+2) a k+l h^ - 
-ww -1 ' - ^T<? ( y- 2)a v] 
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as can be easily seen comparing these expressions with the free ones (1641) . But to find 
higher spin transformations for graviton requires more work. By straightforward but lengthy 
calculations we obtain: 

s-1 

<w = E(- 1 ) fc+lfea6c [^ ( ' £_1)? 7 c( ^ 1) + ^ 2 V (fc " 1) r ( ^ 1) ] + 

k=l 

k=2 k 1 

+Q ^l) e (k-1) _ ^ + l^a(fe-l)^(fc-l)] _ (6g) 
k 1 

s-1 
fc=l 

Thus we have constructed the cubic vertex and all corresponding corrections to gauge trans- 
formations such that the resulting theory is invariant in the linear approximation. Unlike 
the higher dimensional case [27], [28], the cubic vertex under consideration does not require 
any higher derivative terms. Note also that, as well as in the spin-3 case, for arbitrary s-case 
after switching on gravitational interaction we still have the possibility to take any of the 
massless, partially massless or flat limits. In-particular, this allows one to consider inter- 
actions for such partially massless fields that can possesses the specific properties and have 
simpler structure in comparison with generic massive fields. As we have already mentioned 
to go beyond linear approximation one has to introduce other fields into the system and till 
now what spectrum of massive fields one has to consider to obtain consistent theory is an 
open question that certainly deserves further study. 

Conclusion 

In this paper we have studied gravitational interactions for massive higher spin fields in three 
dimensions using frame-like gauge invariant description. At first, after providing a couple 
of simplest interacting massless models illustrating our general technics, we constructed 
gravitational interactions for massive spin-3 field in linear approximation, e.g. found the 
cubic vertex linear in gravitational field and quadratic in spin-3 field. Recall that the linear 
approximation for any field do not depend on the presence of any other fields in the system 
so that the very existence of such cubic vertex is crucial for any further investigations. 
Contrary to the massless case, and this may be the main lesson from our work, we argue 
that the system gravity plus massive spin-3 field is not closed. This simplest example shows 
that the structure, spectrum of fields and gauge algebra for massive and massless theories 
may be drastically different. Then we managed to generalize these results to the case of 
massive field with arbitrary integer spin. It is important that it turns out to be possible 
without introduction of any higher derivative corrections to the Lagrangian and/or gauge 
transformations and this is one of the reason why three dimensional theories appear to 
be much simpler that higher dimensional ones. Note also that even after switching on 
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gravitational interaction (at least in the linear approximation) we still have the possibility 
to take any massless, partially massless or flat limits. 
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